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Abstract 

It is shown that topological massive gravity augmented by the triadic gravitational Chern-Simons 
first order term is a curved a pure spin-2 action. This model contains two massive spin-2 exci- 
tations. However, since its light-front energy is not semidefinite positive, this double CS-action 
does not have any physical relevance. In other words, topological massive gravity cannot be spon- 
taneously broken down by the presence of the triadic CS term. 
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Spin needs at least two space-like dimensions. Consequently, quantum dynamical effects for 
spinning particles requires space-times having dimensions not below three. If one belives that 
gravity is the self-interacting massless spin-two theory, then one has the uniform result that 
Einteins's action is the appropiate model in any dimension higher than three. For d — 3 one is 
faced with the fact that there are no massless excitations having (non zero) helicity [1]; if one 
believes that the essence of gravity stems in its spin (as we do), one has to consider massive spin-2 
models, as it is the case either of topological massive gravity [2] or the recently proposed vector 
Chern-Simons gravity [3]. In d — 3 Einstein's action does not contain local physical excitations. 
It cannot be taken as the unique source of a pure spin-two theory. It is well known that however 
it leads to very interesting fully topological description [4] of gravity. 

In spite of this seemingly profund difference between 3 — d Einstein's gravity and greater than 
three Einstein's gravities they share a uniform property: when a spin-two Fierz-Pauli mass term 
is added to them and goes to the associated rigid c/- dimensional Minkowski space time, all of them 
provide a pure, (massive) spin-2 physical theory. 

Since in d = 3 the physical spin-two theory, must be massive, it is quite straightforward to 
ask to all three dimensional models of gravity how they behave of they are broken down through 
a Fierz-Pauli mass term. Or more in general how they behave when some type of break-down 
mechanism is switched on the initial spin-2 system. 

In this talk we shall concentrate on what happens to massive spin-two topological massive 
gravity (TMG) where instead of adding a Fierz-Pauli mass term a softer break-down mechanism 
is present: we shall analyse what happens to TMG wen a second Chern-Simons gravitational term 
breaks the initial local Lorentz invariance of TMG. 

The interest of TMG goes beyond its academic possibility. It is one of the simplest non trivial 
models of a gravity theory having topological forms. It is well known that it is a distintive feature 
of effective string gravities that they contain terms having topological or quasi-topological struc- 
tures like the ten-dimensional Lorentz-Chern-Simons [5] or the Gauss-Bonet [6] type of terms. So 
perhaps we might learn what are the qualitative changes arising from the presence of topologi- 
cal terms in effective realistic string gravities by analysing the novel properties (with respect to 
Einstein's) of 3 - d TMG. 

The action of topological massive gravity S is the difference of the third order Lorentz-Chern- 
Simons term L and Einstein's action 

S = L-Et= {2fl)-^K,^ < L0/eP''drUJsa - 2(3)-^^''' eabcOOp^'oOr^CUs" > 

< u/eP'-'dre.a - 2-'e/eP''eabcUJrW > ■ (1) 

First latin letters denote Lorentz indices, middle of the alphabet world indices, 77°° = 7]^^ = rf^ = 
+ 1. LUp"", Csa are non independent quantities. It is understood that the affinities a;^" are determined 
in the standard way to be torsionless by their associated field equations: 

e^^''(5,e,„-<e,5ae/) = 0. (2) 

The Lorentz CS-term is locally conformal, Lorentz and diffeomorphism invariant while Ein- 
stein's action is not locally conformal invariant. 

S can be regarded as the result of having spontaneously broken the local conformal invariance 
of L by means of Einstein's action. S has a unique degree of freedom having a pure massive spin-2 
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content. 

In a curved 3 — d space-time there are two possible CS-type of terms; the rotational one L as 
given in eq. (1) and the translational (or triadic) CS-term T defined in the form 

T = 2~^mK-'^ < e/eP'''dresa > ■ (3) 

T is neither locally conformal nor local Lorentz invariant. It is just diffeomorphism invariant. 
(Note that the bilinear type of CS-structure ~ cuede appears in Einstein's action). 

Let us consider the possibility of spontaneously breaking the local Lorentz invariance of S eq. 
(1). This can be achieved by considering the diffeomorphism invariant action 

Sbroken — L — E + T (4) 

In order to analyse its content we take its quadratic part and go to Minkowski space-time 

Cp" = Sp"- + Khp"', UJq — KUJq. Sbroken beCOmCS 

-2-'m < hp\^'drhsa > + < Xp'^e^'idrhsa - COr^sa) >, (5) 

where now Xp"- , ujp°- , hp"' are independent variables. 

Its equivalent third order version arises from introducing the values of c<; = uj{h) (obtained 
from variations of the A's) into 5*0. 

Independent variations of co, h, A yield the triplet of field equations {FE). 

E\ = y.-hP''drUJsa - OJa" + ' X/ + S/X = 0, (6) 

F\ = -me^'drhsa + e^'drXs'' = 0, (7) 

and 

G\ = e^'drhsa - COa" + SJ'uJ = 0. (8) 

Considering the lower spin sector of these eqs., i.e. computing E = F, G, dpE^a, ■ • • 
and SpabEP" = Eb, Fb-i Cb it is straightforward to see that this system only propagates spin-2 
excitations. 

Both, the spin-1 Spabi^^"", • • • , £^06-^^"; dpUpa, dpXpa and the scalar sector of uo, h, X vanish in the 
harmonic gauge 

Projection of the EE (7) (8) (9) upon the spin-2+ (spin-2~) subspaces using the pseudospin-2='= 
projectors [7], gives 

(X - l)a;^+ - = , -mX/i^+ + XA^+ = , uj^+ ^ Xh^+ (9) 

where X = //"^n^/^, /j, = 1, m means the dimensionless relation m/i~^ and h^^ denotes the spin-2+ 
part of hpa- 

The inverse propagator is therefore 

A+{X) = X[X{X -1) -m]. (10) 

There is a positive mass m = 2~^-|-(4~^+m)^/^ in the spin-2"'" sector. Similarly, since A~{X) — 
X[X{X + 1) — m] we might have a spin-2~ excitation with mass m" — — 2~^ -|- (4~^ -|- m)^/^. 
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We want to see whether this system has its energy bounded from below (or not). It will be 
shown that, independently of the sign of m. the light-front (LF) generator is unbounded and 
consequently action (6) is physically meaningless, in spite of the fact that, from a covariant point 
of view, the system (7), (8), (9), seems to propagate two spin-2 decoupled excitations. 

In order to have this, we calculate the value of the LF-generator of action (6) in terms of its 
two unconstrained variables cuyy and A^^. Light front coordinates {u,v) are defined by 

ryii = 1 = -r/«", u^2-'/''{x'-x^), v ^ 2-'/''{x'' + x'), e^''" = +1. (11) 

Time derivatives are written duf = f and the LF- spacelike ones are denoted d^f = f 

One starts from the covariant expressions (6) of 5*0 and express this action in terms of 
the 27 LF-field components ojuu = '^uvi ^^vu, = '^wi = <^ii, <^iu, ^iv and 

It is inmediate to realize that uJua, h^b, ^uc are multipliers associatted with nine differential 
constraint equations which can be solved, providing the values of Uia, hih, Xic as functions of the 
remaining nine intermediate variables u^a, h^b, Kc- Their solution is: 

(^iv = (^1 + l)*^!; + K , hiy = dihy + LUy, (12a, b) 

Xiy ^ diXy + mcuy, ( 1 2 c) 

Ai = diXyi + mQiy, (13c) 

f^lw' = - l)uJyu - Xyu + dlQyl + dlXyl + l)uJly + Xly {lAo} 

hiu' = diKu " ^vu + diujyi + + Ai^ (146) 

Alu' = diXyu - mujyu + mdiQyi + mQiy + mXiy (14c) 

where we introduced redefinitions like ujyi = a)(,^, uj^ = u)", u>iy = for the three sets of variables 
Lu, A, h. 

In principle, the intermediate expression of 5*0 obtained in terms of the nine intermediate 
variables cuya, hyb, Xyc might have u>yu, hyu, A„„ in the dynamical germ (the piece of 5*0 ~ pq). 

However it turns out after using eqs. (13), (14) that these three variables are not present in 
this part of the action. While cUyu and A^^ constitute two additional Lagrange multipliers, hyu has 
totally disappeared. 

Independent variations of ujyu,Xyu lead to the final two differential constraints of 5*0. Their 
solution shows the symmetry of the Iv-components u>iy, Ai„, i.e. 

UJyl = Uly , A„l = Xly (iStt, 6) 

Now it is immediate to obtain the unconstrained form of the evolution generator G of action 
So ^ pq — G. Since, at the initial stage when one writes down 5*0 in terms of the LF- variables, G 
had the form: 

G =< {Qyi + A„i)a;i„' + QyiXiJ >; (16) 
it is straightforward to realize that, after insertion of the values (15) of cuiJ, XiJ in it, G becomes: 

G=<[{m+ l)Qiy + Ai^]2 - m^Qjy > . (17) 
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This explicitly shows that the generator is a non semidefinite positive quadratic expression. Con- 
sequently the unconstrained reduced form of 5*0, even written in terms of the unique two gauge- 
invariant variables A^, cD^, does not have physical relevance. One can say that the presence of both 
types of CS terms is inconsistent. This situation is peculiar of Lorentz-C^S gravity (there is no 
analogous third order CS theory for vector fields). 

As we have a covariant first order action for studying this system, one can also perform a 
canonical newtonian 2 + 1 type of analysis which leads to the analogous physical result; the energy 
is not definite positive. One might also wonder whether the pure double CS-gravitational action 

S'^L + eT (18) 
has some physical relevance. Its quadratic approximation on flat ?>d Minkowski space consists of 

+ < X/eP''(drhsa - OUr^sa) > ■ (19) 

Doing a similar analysis one flnds out that the system only contains spin-2 excitations. However 
its energy is unbounded from below and consequently S' — L + eT has no physical relevance. 



5 



References 

1. B.Binegar, J. Math. Phys.23 (1982) 1511 

2. S. Deser, R. Jackiw and S. Templeton, Ann. of Phys.(N.Y) 140 (1982) 372. 

3. C. Aragonc, P. J. Arias and A. Khoudeir Preprint SB/F-92-192 Massive Vector Chern- 
Simons gravity. 

4. S. Deser, t'Hooft, R. Jackiw Ann. of Phys.(N.Y) 152 (1984) 220 

5. A. Chamseddine Nucl. Phys. B185 (1981) 403. 

E. Bergshoeff, M. de Roo, B. de Wit and P. van Nieuwenhuizen Nucl. Phys B195 (1982) 
97. 

G. F. Chaphne ans N. S. Manton Phys. Lett. B120 (1983) 105. 

6. B. Zumino, Phys. Rep. 137 (1986) 109. 

7. C.Aragone and A.Khoudeir Phys. Lett.BlTS (1986) 141 



6 



